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Summary. By the use of conditioning, we extend previously obtained results on
the asymptotic behavior of partial sums for certain triangular arrays of
dependent random variables, known as Curie-Weiss models. These models
arise naturally in statistical mechanics. The relation of these results to multiple
phases, metastable states, and other physical phenomena is explained.

1. Introduction and Physical Background

This paper continues the analysis. begun in [4], of the asymptotic behavior of sums
S, of certain dependent random variables which occur in statistical mechanics.
Thesc random variables arc associated with the Curie-Weiss, or mean field model, a
lattice model of {ferromagnetism [17. [8: §3], [11; Ch. €].

We briefly indicate how the results of the present paper extend those of its
predecessor. The asymptotic behavior of S, depends crucially upon the nature of
the extremal points of a function G which we associate with the model. In [4], a
weak law of large numbers-type result for S, involving global minima of G. was
proved. This is restated here as Theorem 2.1, In addition, in the casc that G has a
unique global minimum a central limit thcorem-type refinement was obtained.
Only in special cases is the limit Gaussian. In gencral it has a density
proportional to exp(—Ax?*(2K)1), A>0, ke{l.2,...}.

Onc of the purposes of this paper is to prove such a result for arbitrary G
(Theorem 2.2). Furthermore. through the use of conditioning we will scc how to
extend Theorems 2.1 and 2.2 to results involving local minima of G. Our results arc
stated in Sect. I and proven in Sect. I11.
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We spend the next part of this section explaining in elementary terms some of
the physical ideas underlying our results. Although these results could have been
presented in a strictly mathematical context. we feel that the physical background
provides a better setting. These physical ideas include the notions of phase
transition, multiple phase, metastable state, and Gibbs free energy.

Let d be a fixed positive integer and A a finite subset of Z%. A ferromagnetic
crystal can be described by random variables X' which represent the spins. or
magnetic moments, of the atoms at sites je A; A describes the macroscopic shape of
the crystal. In the Curie-Weiss model, the joint distribution at fixed temperature
T>0 of the spin random variables is given by

1 5
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In (L1), =T "', Z,(f) is a normalizing constant (also known as the partition
function). | A is the cardinality of A. and p is the distribution of a single spin in the
limit -+ 0. We assume that p is in the class .4 of non-degencrate Borel probability
measures on R which satisty
2

. b)
Jexp (5) dp(x)<x, all b>0. (1.2)

Here and below all integrals extend over R unless otherwisc stated. In the Curie-
Weiss model (1.1), we will take (without loss of generality)d=1 and A={1,....n},
where n is a positive integer. We write » instead of A in the notation for the spin
random variables and the partition function.

We define S,(f)= > X7 which represents the total magnetization of A. We are
i 1

i
interested in studying the asymptotic behavior of S, (f8) in the so-called thermody-
namic Himit 2 -» o. This behavior can be described physically in terms of multiple
phases and metastable states. We explain these concepts for a gas-liquid system
rather than for a ferromagnctic system because they are easier 1o visualize in the
former casc. Afterwards, we rcturn to the Curie-Weiss model. For additional
background on the physics, see [3].

Consider a substance in a gaseous stale occupying i container at a specified
pressure. We assume that a movable piston is attached to the container so that the
pressure may be varied at constant temperature with a consequent variation in the
volume and density of the substance. The state of the substance is considered stable
if it is stable under perturbations; e.g., if the container is shaken momentarily, then
the substance will soon return to its original state. In general. there exists a critical
temperature 7 such that the following behavior occurs. For T2 T, the stable state
of the substance remains a gas, no matter how much it is compressed, the density o
constantly increasing as the pressure P s increased. On the other hand, for T< T,
the gas, upon being compressed to a certain pressure £y = Fy(T) and corresponding
density d, =d,(T), condenses at constant pressure to a liquid of higher density d;
=d,;(T). The gus and the liquid are two pure phases ol the substance and the
phenomenon just described is a phase transition. For de(d;.d;) the two phascs







